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Abstract
We consider rule-based models extended with time-
dependent reaction rates, a suitable formalism to describe the
effect of drug administration on biochemical systems. In the
paper, we provide a novel and efficient rejection-based simu-
lation algorithm that samples exactly the trajectory space of
such models. Furthermore, we investigate a model of drug ad-
ministration in the context of a plaque-formation process of
Alzheimer’s disease, a polymerization process best described
by a rule-based model to counteract the intrinsic combina-
torial explosion of the underlying reaction network. Further-
more, time-dependent rates are needed to model the effect of
drugs. We apply the simulation algorithm to study the efficacy
of different drug administration policies.

1. INTRODUCTION
Stochastic modelling in systems biology is gaining mo-

mentum due to the recognition of the importance of noise-
induced effects in biological systems [1, 2], which cannot be
captured by deterministic models. More broadly, stochastic-
ity plays a role in a larger class of (bio)chemical processes,
like modification of polymers via crosslinking and degrada-
tion [3]. In this paper, we are in particular interested in the
formation of plaques in Alzheimer’s Disease, a polymeriza-
tion process, and in analyzing the effect of drugs that can po-
tentially block their formation. This problem led us to a new
and efficient simulation algorithm for rule-based modelling
capable of treating drug-administration policies.
Stochastic modelling and simulation: Due to the inher-
ent complexity of such stochastic models, reflected in their
state space explosion, simulation is the most widespread anal-
ysis tool. A chemical reaction network is described as a
Continuous Time Markov Chain (CTMC) and Monte-Carlo
(MC) methods are used to generate sample traces, like the
well known Direct Method, also called Gillespie’s Algorithm
[4, 5]. This approach can be implemented easily for simple
chemical networks and it is proven to produce exact traces of
the underlying CTMC. However, computational efficiency re-
mains a central issue while simulating stochastic models. The

first reason is the large number of simulated events due to fast
reactions or due to a high number of reacting molecules. By
using the Direct Method, after each event all reaction rates
have to be updated and therefore high effort is needed to sim-
ulate models with many events. To combat this problem sev-
eral approaches were developed, for example the exact Next
Reaction Method [6] and the approximate τ-Leaping [7]. The
former speeds up the computations that have to be done in
each step, while the latter lumps events together and thus re-
duces the number of simulation steps.

Rule-based modelling: Another critical issue when simu-
lating stochastic models in systems biology is the network
size. All approaches described above require an explicit de-
scription of all individual biochemically active species and
biochemical reactions [4, 5]. However, even simple systems
can lead to a combinatorial explosion of species and reac-
tions, and therefore simulation of such models with the Direct
Method becomes infeasible. Well-known examples are large
models of biochemical signaling processes [8, 9] and models
of biochemical polymerizations [10]. Rule-based modelling
is a viable alternative in this case. In this method, differ-
ent but structurally similar reactions are combined into rules
[8, 9, 11]. For example, an activation of a functional group
can be possible with the same rate independent of the chem-
ical environment of the functional group, i.e. of the proteins
constituting the complex it belongs to. Also, polymerizations
show a similar behaviour: a biological or synthetical polymer-
chain can undergo elongation and shortening reactions with a
rate independent of the chain length, a scenario suitably de-
scribed by one rule. This has to be contrasted with the pos-
sibly unbounded number of reactions (one for each possible
chain length). This representation as rules corresponds to the
general notation of organic chemical reactions since parts of
molecules that do not take part in a reaction are omitted in
reaction equations.

Simulation of rule-based models: Gillespie’s Direct
Method [4] can be easily applied to simulate efficiently chem-
ical reaction networks represented by reaction rules. Instead
of choosing a reaction probabilistically and update the sys-
tem according to this reaction, one can choose probabilis-
tically a rule, apply this rule to a probabilistically chosen
set of reactants and update the system accordingly. While
the performance of the Direct Method depends on the num-
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ber of possible different reactions the system can perform,
the performance of the simulation of such rule-based mod-
els depends on the number of rules that describe the system,
which can be exponentially smaller [11]. However, not ev-
ery chemically reacting system can be easily represented by
simple rules as explained above. It is possible that some of
the reactions are forbidden under certain conditions. For such
systems, an efficient rejection-based algorithm was presented
[12, 13]. The choice of the rule and of the reactants works
as sketched above. After choosing the reactants, one has to
further check whether the chosen reaction is possible or not.
If not, the state of the system remains the same, but simula-
tion time is still increased. This approach can also be applied
when the model contains reactions with rate constants that are
dependent on some global features of the involved reactants
[13], like intra-complex enhancement or repression. In this
case, the chosen reaction occurs with a probability equal to
the ratio of the actual reaction rate, which can be calculated
once the reactants have been chosen, and the generic rate of
the reaction rule (which is an upper bound of the true rate).
Such rejection-based algorithms use the fact that the proba-
bilistic behaviour of CTMCs with added self-loops does not
change, as described in [14], and are implemented in state of
the art simulators of rule-based models.

Simulation of drug-administration: In many systems, the
reaction rates remain constant over time. However, this is of-
ten a simplifying assumption. For example, the reaction rate
constants could depend on the volume of the considered sys-
tem (e.g. for bimolecular reactions). Thus, when the volume
(for example of cells) changes in time, so does the reac-
tion rate constant. Furthermore, drugs can influence reaction
rates with a time-dependent modulation, hence time-varying
rates are fundamental for models taking into account drug
administration. In the Direct Method, time-varying rate con-
stants have a significant influence on the time complexity of
the simulation: often the identification of the elapsed time
step cannot be computed analytically anymore, but requires
the solution of an integral equation. Numerical methods for
this task are expensive, like the zero-crossing method used
in hybrid simulation [15]. To ameliorate this problem, [16]
introduces a rejection-based algorithm to simulate chemical
reactions with time-dependent rates. Here the simulation is
done within the common Direct Method scheme, replacing
the time-dependent rates with an upper bound for their rate
constants. When a time-dependent reaction is chosen, the re-
action is executed with probability equal to the ratio between
the actual reaction rate and its upper bound, at the cost of the
generation of an additional uniform random number. In [16],
it is proven that this approach samples correctly the traces of
a model.

Alzheimer’s Disease: The main driver of this paper is the
construction of a model of the influence of a γ-secretase in-

hibitor, a candidate drug on the formation of plaques during
Alzheimer’s Disease (AD). This system presents two com-
pelling features: (a) the plaque-formation process is a poly-
merization, hence prone to combinatorial explosion of the un-
derlying reaction network, and (b) the influence of orally ad-
ministered drugs depends on time. It follows that the two bot-
tlenecks of standard stochastic simulation, large network size
and time-dependent rates, manifest themselves at the same
time.
Paper contribution and structure: In this paper, we con-
sider how to simulate efficiently this class of stochastic mod-
els, providing a simulation routine for rule-based languages
with time-varying rates. This constitutes our main method-
ological contribution. We then put this algorithm at work to
simulate the formation of plaques under different drug admin-
istration policies, obtaining that splitting the application rate
of the drug can lead to a significantly lower concentration of
plaques. The paper is organised as follows: Section 2. pro-
vides the notation used in the paper, in Section 3. we describe
the proposed algorithm and show that it provides correct re-
sults and in Section 4. we describe the model of the plaque-
formation during AD and show the results of our simulations.
Further related work is discussed in Section 5., where conclu-
sions are also drawn.

2. PRELIMINARIES
We will briefly introduce rule-based modelling for bio-

chemical systems, referring the reader to [8, 9] for a more de-
tailed presentation. The basic actors in biochemical networks
are molecules, binding sites, and species. A molecule often
denotes a protein or monomer, and is constituted of sites,
which can be active or inactive and may bind to each other. In
the progress of chemical reactions, many molecules can com-
bine on their binding sites, thus forming complex chemical
compounds, constituting the species of a system. As bind-
ing can happen if a site is active, independently of the actual
species the sites belong to, the potential number of species
grows exponentially. Even worse, in case of polymerization
reactions, the number of species is unbounded (e.g., poly-
mer chains of unbounded length can be formed in principle).
Hence, describing biochemical networks by enumerating all
reactions involving species is unfeasible.

Rule-based modelling circumvents the problem by focus-
ing on sites, and describing rules involving them, which im-
plicitly generates all possible reactions. More precisely, let
Y = (Y1, . . . ,YK) be the vector of all types of binding sites
relevant for the reaction network, distinguishing active sites
from inactive sites and assuming each site can belong only to
a specific molecular type. By y = (y1, . . . ,yK) we denote the
vector of the counts of active sites from Y in a specific net-
work configuration. When we use a rule-based description,
we consider a (finite) set R = {r1, . . . ,rJ} of rules of the form
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Yk1 + ...+Yk`

cr j−→ Yk`+1 + ...+YkL

where r j refers to the j-th rule ( j ≤ J), cr j is the associated
stochastic reaction rate constant, and k1, . . . ,kL ∈ {1, . . . ,K}.
Species and sites with a stoichiometric coefficient are sepa-
rated, e. g. 2Y1 is written as Y1 +Y1. Given a list of rules and
of sites, we can easily generate all possible species that can
be constructed combining molecules according to the rules
(if their number is finite), and instantiate the rule by replac-
ing each site with the species it belongs to. Thus, we define
X = (X1, . . . ,XN) as the vector of all involved species and let
x ∈ NN

0 be the counts of species X1, . . . ,XN .1 Now, we can
construct the grounded reaction network [9] as a (possibly in-
finite) set S = {s1,s2, . . .} of reactions of the form

Xn1 + ...+Xn`
csi−→ Xn`+1 + ...+XnL

where si refers to the i-th reaction, csi is again the associated
stochastic reaction rate constant, and n1, . . . ,nL ∈ {1, . . . ,N}.
The state of a system is now completely described by the list
(X) and the counts (x) of all species. However, when sim-
ulating rule-based models, it is meaningful to update also
the counts of all active sites (y) in each step. Usually, the
stochastic reaction rate constants cr j and csi are equal. How-
ever, csi can be further modulated by properties of the species
Xn1 , ...,Xn` that instantiate the rule like chain lengths of poly-
mers or intra-species activations. We will denote such global
features generally as φ.

When we consider stochastic simulation algorithms, we
have to compute the probability that a reaction takes place in
a certain time-interval. These probabilities not only depend
on the rate constants csi or cr j but also on the numbers of the
possible combinations of species hsi = f (x) or sites hr j = f (y)
that are involved [4]. For instance, for bimolecular reactions
X1 + X2 this number is x1 · x2. This holds for X1 6= X2, for
X1 = X2, hsi = 0.5 · x1 · (x1−1). The reaction rate is given by
αsi = csi · hsi and the total rate is αS = ∑si∈S αsi . Similarly,
for rule r j we define αr j = cr j · hr j . The total rate is the sum
αR = ∑r j∈R αr j and αR = αS.

3. TIME-DEPENDENT RATES
In the sequel, we propose an algorithm to simulate time-

dependent rule-based models of chemical reactions. It com-
bines the rejection-based simulation of rule-based models
and the rejection-based simulation of models with time-
dependent rate constants. We will start by considering
the canonical extension of Gillespie’s algorithm for time-
dependent rates, with no rejection mechanism, in order to ob-
tain the expression of the correct probability density, that will
be used to prove correctness of our rejection-based approach.

1We assume N finite for simplicity, w.l.o.g.

3.1. Basic algorithm
We consider a set of rules R with (possibly) time-dependent

rate constants. Each of these rules r j induces a set of different
but structurally similar chemical reactions Sr j which means
that αr j(t) = ∑si∈Sr j

csi(t) · hsi . We consider algorithm 1. In
an iteration of this algorithm the probability density function
that a certain combination of sites undergo a reaction si at
time τ is readily computed as

P(t0 + τ) = αsi(t0 + τ) · exp(−
∫ t0+τ

t0
αR(t)dt). (1)

1: Initialize time t0, x and y.;
2: repeat
3: Store t0, x and y.;
4: Draw a pseudo random number τ according to the

density F(t0 + τ) = αR(t0 + τ) · exp(−
∫ t0+τ

t0 αR(t)dt)
and update t0 = t0 + τ 2;

5: Draw a pseudo random number I ∈ {1,2, . . .}
according to the discrete distribution
αr1 (t0+τ)

αR(t0+τ) ,
αr2 (t0+τ)

αR(t0+τ) , ... , and choose the corresponding
rule r j;

6: Instantiate the chosen rule by probabilistically
selecting the species Xn1 , ..., the chosen reacting sites
Yk1 , ... belong to3. The probability to choose the sites

according to a reaction si is
αsi (t0+τ)

αr j (t0+τ) ;

7: Apply r j to the species/sites, update x;
8: until stop-condition is reached

Algorithm 1: Basic algorithm for simulating time-dependent
rule-based models

3.2. Rejection-based algorithm
We now present a rejection-based algorithm that samples

the same densitys for all possible reactions as the basic al-
gorithm presented above. Running simulations with the basic
algorithm is much more costly23. As described in the intro-
duction, the main idea is to create null events by simulating
the reaction system with higher reaction rates, that are con-
stant in time.

Consider a rule r j that induces reactions Sr j . For each
si ∈ Sr j we define an upper bound csi of csi(t) that is con-
stant in time. Furthermore, we define cr j = sup

si∈Sr j

csi . Now, we

define εsi = 1− csi (t)
csi

and αR = ∑r j∈R αr j and we can con-

2There is no analytical solution for a generic αsi (t), hence a costly nu-
merical approach is needed.

3The dependency of csi on global features of the reactants φ must be
taken explicitly into account, selecting reactant species jointly.
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struct algorithm 2. This algorithm combines both rejection-
based algorithms we mentioned in the introduction. If a

1: Initialize time t0, x and y;
2: repeat
3: Store t0, x and y and set n = 0;
4: Compute all αr j and αR;
5: repeat
6: Draw an exponentially distributed pseudo random

number τ with rate αR and update t = tn + τ;
7: Draw a pseudo random number according to the

discrete distribution
αr1
αR

, ... ,
αrJ
αR

and choose
randomly a rule r j;

8: Instantiate the rule by probabilistically choosing a
species Xn` for each reacting site Yk j , ... 4and
compute for this combination εsi . The probability
to choose the sites according to a reaction si is
αsi (t0+τ)

αr j (t0+τ). ;

9: Draw a uniformly distributed random number ρ

between 0 and 1;
10: set n = n+1, tn = t.;
11: until ρ < εsi ;
12: Update x and y according to r j.; Set t0 = tn;
13: until stop-condition is reached;
Algorithm 2: Rejection-based algorithm

rule has a time-dependent rate, all rates of this rule can be
set to csi = maxt(csi(t)) and εsi can be set to 1− csi (t)

csi
. The

same can be done for rate constants that depend on global
features of the current state or properties of the probabilisti-
cally chosen species φ, defining in this case the upper bound
as csi = maxt,φ(csi(t,φ)). Note that the global rejection prob-

ability can be computed as εR(t) = ∑si∈S εsi(t) ·
αsi
αS

and that
also αR = αS. We now prove the following:

Theorem 1. The algorithm presented in section 3.2. samples
trajectories according to the correct probability density, i.e.
the probability density of the next reaction being i and hap-
pening at time t + τ is given by (1).

We prove this by computing the probability densities of i
happening at t+τ after n rejections and sum up these densities
for all n. First an iterated integral is defined as

F1(t2) =
∫ t2

t0
εR(t1)dt1

and Fn(tn+1) =
∫ tn+1

t0
εR(tn) ·Fn−1(tn)dtn.

4We can choose Xri independently for each site, even if the rate constants
depend on global features φ, as this will be automatically dealt with by the
rejection scheme.

Lemma 1. Fn(tn+1) =
1
n!

(∫ tn+1
t0 εR(t)dt

)n

Proof. We prove this inductively. By renaming, Lemma 1
holds for n = 1 and thus

Fn(tn+1) =
∫ tn+1

t0
εR(tn) ·

1
(n−1)!

·
(∫ tn

t0
εR(t)dt

)n−1

dtn

5 =

[
1
n!
·
(∫ tn

t0
εR(t)dt

)n

+ c
]tn=tn+1

tn=t0

=
1
n!
·
(∫ tn+1

t0
εR(t)dt

)n

With Lemma 1 we can now prove Theorem 1:

Proof. We start with computing the densities of these reac-
tions firing at time t0 + τ with no rejection P0 and exact one
rejection at time t1.

P0(t0 + τ) = αsi · exp(−αR · τ) · (1− εsi(t0 + τ)) (2)

P1(t0 + τ) =
∫ t0+τ

t0
αR · exp(−αR · (t1− t0)) · εR(t1)

·αsi · exp(−αR · (t0 + τ− t1)) · (1− εsi(t0 + τ))dt1
= F1(t0 + τ) ·αR ·αsi · exp(−αR · τ) · (1− εsi(t0 + τ))

Similarly the density for the second rejection at t2 can be com-
puted as (αR)

2 ·F1(t2) · exp(−αR · (t2− t0)) · εR(t2) and there-
fore

P2(t0 + τ) = F2(t0 + τ) · (αR)
2 ·αsi

· exp(−αR · τ) · (1− εsi(t0 + τ)) and
Pn(t0 + τ) = Fn(t0 + τ) · (αR)

n ·αsi

· exp(−αR · τ) · (1− εsi(t0 + τ)) (3)

Now the sum of all Pn has to be computed:

P(t0 + τ) = P0(t0 + τ)

+
∞

∑
n=1

Fn(t0 + τ) · (αR)
n ·αsi · exp(−αR · τ) · (1− εsi(t0 + τ))

= P0(t0 + τ)+P0(t0 + τ) ·
∞

∑
n=1

(
αR ·

∫ t0+τ

t0 εR(t)dt
)n

n!

= P0(t0 + τ) ·
∞

∑
n=0

(
αR ·

∫ t0+τ

t0 εR(t)dt
)n

n!

= αsi · exp
(
−
∫ t0+τ

t0
αRdt

)
· (1− εsi(t0 + τ))

· exp
(

αR ·
∫ t0+τ

t0
εR(t)dt

)
= αsi(t0 + τ) · exp

(
−
∫ t0+τ

t0
αR(t)dt

)
5The primitive can be found by derivation of the needed function.
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In the last step we used αsi(t) = αsi · (1− εsi(t)) and αR(t) =
αR · (1− εR(t)). Both equations follow directly from csi(t) =
csi · (1− εsi(t)), for the latter we used that αR(t) = αS(t) and
αR = αS.

Computational Complexity: The complexity of the pro-
posed rejection sampling algorithm is heavily dependent on
the rejection rate for time-dependent transitions, i.e. on the
(average) number of rejections per firing of a time-dependent
rule. In turn, this depends on how close the upper bound cr j is
to the value cr j(t) of the time-dependent rate at the tentative
firing time t, as the cost of performing each step is O(1). A
too coarse upper bound can result in many rejections, hence in
poor performances. If the time-dependent function(s) heavily
fluctuate, we could choose a small time horizon, such that
cr j stays in a certain bound. This also means that the ap-
proach can be scaled to arbitrary finite time-dependent rates.
Practically, in the simulations of the system of Section 4.1,
only 1% of the reaction steps were rejected, hence the over-
load of the rejection scheme is very mild, compared for in-
stance to the simpler simulation algorithm that approximates
the time-dependent rate with the value computed at the begin-
ning of each step. Indeed, the number of evaluations of time-
dependent functions is considerably smaller in the rejection-
based scheme if there are many rules with constant rate (time-
dependent rates are evaluated only when a step involving one
of them is attempted).
Implementation: An implementation in C of the pro-
posed method is available on http://mosi.cs.
uni-saarland.de/?page_id=1341.

4. RESULTS
We discuss a model of the formation of plaques during

Alzheimer’s disease under the influence of drugs that shall
suppress this formation. First, we explain the model, then we
show results we obtained using the presented simulation al-
gorithm.

4.1. A model of fibril production during
Alzheimer’s disease

Accumulation of amyloid-β (Aβ) peptide in the central
nervous system (CNS) is believed to play a crucial role in
the pathogenesis of Alzheimer’s disease (AD) [17]. Aβ is
formed by the enzymes β- and γ-secretase from the amy-
loid precursor protein (APP) and is produced regularly in
the human metabolism. Its original function is unclear but
Aβ monomers polymerize until the formation of plaques
in the brain. Some hypotheses exist that the intermediate
oligomers and not the final plaques are the toxic agents result-
ing in neurodegeneration[18]. Even if pathogenesis remains
unclear, disease modifying strategies for AD include the in-
hibition of γ-secretase. But the impact of these agents on the
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Dimers Trimers . . .
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lb pb
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Figure 1. A graphical representation of the model of fibril
production.

Mp
lp−→ /0

Mb
lb−→ /0

/0
pb−→Mb

Mp
tpb−→Mb

Mb
tbc−→Mc

Mc
tcp−→Mp

2Mb
2e−→ D

D
f−→ 2Mb

D+Mb
e−→ P-C(1)-P

C(n)-P+Mb

1
2 e
−→ C(n+1)-P

P−C(1)−P
f−→ D+Mb

C(n+1)−P
f−→C(n)−P+Mb.

Figure 2. Reaction scheme

production and polymerization of Aβ is unclear. Since it is
not possible to measure the Aβ-level in the brain directly,
models are needed to get information about the formation
of plaques under certain conditions, including disturbing the
system by pharmacotherapy. The model we present is based
on a deterministic model which takes into account that Aβ not
only appears in the brain, but also in the plasma and in the
cerebrospinal fluid (CSF) [19]. The model includes produc-
tion and removal of Aβ as well as transportations of Aβ. In
the brain, Aβ can stepwise polymerize and build the plaques.
Figure 1 shows a graphical representation of the model. The
produced plaques are polymers of proteins and as we stated
before, it is unclear if oligomeric intermediates or the final
plaques are the toxic agents. Therefore, we want to observe
polymer chains of arbitrary lengths and translated the model
into a rule-based model.Aβ-proteins in the different parts can
then be modelled by different species (Mp, Mb, Mc). The Aβ-
species in the brain can react to a dimer (C) that then reacts to
a trimer. This trimer is modelled as a chain of length 1 (C(1))
with two reacting sites (P), each of them can react with Mb
and elongate the chain. The model contains twelve rules that
can be displayed as chemical equations as in Figure 2. It is
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now possible to simulate the system to equilibrium6. In [19]
the authors then perturbed the system by administering a γ-
secretase inhibitor which leads to a reduction of pb by 40 %.
We could perfectly reproduce the results from [19] and we
could also obtain data about the distribution of the different
chain lengths of the plaques that is not presented in [19].

GIT Central CSF

dose

cGC

cC0

cCF

cFC

Figure 3. Model of the distribution of the γ-secretase in-
hibitor

We used the new simulation-algorithm for rule-based mod-
els with time-dependent rates to capture the fact that realis-
tic drugs cannot reduce permanently a reaction rate. More-
over, the effect of such drugs changes over time. Since drugs
are ingested over the gastro-intestinal tract (GIT) but the γ-
secretase inhibitor has an influence on pb in the brain, we
have to model the distribution of the drug over the different
compartments. In [20] the authors use the concentration of
the γ secretase inhibitor in the central compartment ([C](t))
to model pb as pb = pbmax ·

(
1− Imax·[C](t)

IC50+[C](t)

)
, where Imax is

the maximal inhibitory effect of the drug and IC50 is the
half maximal inhibitory concentration. To compute [C](t),
we use the model from [20] which is shown in Figure 3.
The γ-secretase inhibitor is given to the GIT (dose) and it
is absorbed to the central compartment (cGC). It is then dis-
tributed (with cCF /cFC) between the central compartment and
the cerebrospinal fluid (CSF) and cleared from the central
compartment (cC0).

For our model, we used the equations from Figure 4, we
fixed Imax and IC50 and adjusted the dose of the γ-secretase
inhibitor in a way that pb is reduced by 40% in average. We
ran simulations of the system by assuming dosing intervals
of 8 and 24 respectively, hours7. Simulating the model for 24
hours (model time) took a computational time of 91 seconds
on one 2.0 GHz processor. In Figure 5 and 6 some of the re-
sults of these simulations are shown. It is obvious that the
dosing interval has an influence on the concentrations of the
plaques in the brain. Splitting the daily dose into three doses
has a big influence on the concentration of the short polymer
chains (factor of 2.5 between both settings after 460 days,
Figure 5). We also show the influence of the splitting of the
daily dose on the overall distribution of the chain length after

6We used the rate constants from [19], (lp, lb, pbmax ,
tpb, tbc, tcp,e, f ) = (6.7 · 10−3,0.278 · 10−3,7.34 · 10−12,37.7 · 10−6,7.6 ·
10−6,1.7 ·10−3,90,1.38 ·10−6)

7For a dosing interval of 24 h, we assumed the dose to be 91.92 mg, for
the dosing interval of 8 h, we assumed 30.64 mg.

d[GIT ]
dt

=

{
[dose]− cGC · [GIT ] , if t = n · [dosing int]
−cGC · [GIT ], else

d[CSF ]

dt
= cCF · [C]− cFC · [CSF ]

d[C]

dt
= cGC · [GIT ]+ cFC · [CSF ]− cCF · [C]− cC0 · [C]

pb = pbmax ·
(

1− Imax · [C](t)
IC50 +[C](t)

)
cGC = 0.624h−1

cCF = 0.000227h−1

cFC = 0.573h−1

cC0 = 0.253h−1

Imax = 1

IC50 = 32ng ·mL−1

Figure 4. computation of pb
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Figure 5. Concentration of the plaques with length 2 to 9.
The simulation started in the equilibrium, after a simulation
time of 100 days, the taking of the γ-secretase inhibitor was
simulated by reducing pb according to the differential equa-
tions from Figure 4. After 465 days the taking of the medica-
ment was stopped. Additionally results from simulations ac-
cording to [19] are shown.

460 days. The concentrations of all chain lengths is signifi-
cantly lower when the daily dose was split (Figure 6).

4.2. Comparison to a simple approach
In Section 3.2., we mentioned a simpler approach to simu-

late reactions with time-dependent rates by approximating the
rates in each simulation step. We claim that this approxima-
tion can lead to significantly different results for some mod-
els. In order to validate this claim, we consider a scenario in
which the rate function increases quickly in time while few
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Figure 6. Distribution of the chain length of the Aβ chains
after 460 days. Here the results are compared to the distribu-
tion of the chain length in the equilibrium.
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Figure 7. Distribution of the concentration of the monomers
in the brain after 10 seconds. We used two approaches and a
modified model.

reactions fire overall. Specifically, we set in the simulation of
the model from Section 4.1. p′bmax

= 1000 · pbmax and in the
computation of the time-dependent function we set all con-
stants cXY to c′XY = 48 ·cXY and p′b = p′bmax

·
(

Imax·[C](t)
IC50+[C](t)

)
(i.e.

at t = 0 the system is in the equilibrium and p′b is suddenly
set to pb = 0). Figure 7 shows the distribution of the con-
centrations of the monomers in the brain after simulating the
system 100000 times with both approaches for 100 seconds.
It can be seen that the resulting distributions are quite dif-
ferent (the two sided Kolmogorov-Smirnov test yields a p-
value of p < 10−32). Since we proved that the rejection-based
method is correct, we conclude that the simple approach fails
here. This happens because at the beginning of the simula-
tion the overall rate is very low, while the rate of the time-
dependent event is zero. Hence, in the simple model, this tran-

sition can fire only after another event happens. However, the
time-dependent rate increases fast, hence we expect this event
to fire much sooner than as predicted by the simple method.
Therefore, the production of monomers is delayed in the sim-
ple method and the associated peak in Figure 7 has a shoul-
der on the left side. However, as our rejection-based method
incurs in a very moderate overhead, it should always be pref-
ered.

5. RELATED WORK AND CONCLUSION
Simulation methods based on rejections are known for a

long time. In the context of non-homogeneous poisson pro-
cesses, a methodical overview was already given in the late
seventies [21]. Also, in newer days, many approaches with
rejection-based simulation algorithms were presented. In ad-
dition to the previously mentioned rejection-based simulation
approaches of rule-based models [12, 13] and the rejection-
based simulation of models with time-dependent rates [16]
a general rejection-based simulation algorithm for stochas-
tic models of chemical reaction systems is presented in [22].
Here the authors gain simulation speed by avoiding the re-
computation of the actual propensities by exploiting rejec-
tions. Other simulations of models with time-dependent rate
constants are mostly done by variants of the Next Reaction
Method [23, 6]. The research in the field of Alzheimer’s Dis-
ease is widely spread. One branch is engaged in the amyloid
hypothesis and possibilities to find therapeutics against AD
within this setting. Some general work on this can be found
in [17] and [24]. More specialised work can, for example, be
found in [25, 26] with respect to γ-secretase inhibitors and in
[18] about the toxicity of different Aβ-oligomers.

We presented a general method to simulate rule-based
models with time-dependent rate constants. We proved the
correctness of the approach and presented results of the sim-
ulation of a model of the formation of plaques during AD.
We showed that with our approach it is possible to model
the influence of different doses and dosing intervals of drugs
that prevent the formation of plaques. In our future work, we
want to use these insights to provide an updated version of
the presented model and to analyse further strategies for AD
Research and Drug Development.
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